4 INTEGRATION

Objectives
In this chapter you will learn about:

e |dentify definite and indefinite integrals.

e Integrate polynomials using power rule.

e Apply standard forms of integrals as converse of differentiation.

e Calculate the area between a curve and the x-axis or by a curve, the x-axis and the
ordinates.
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Introduction

In Mathematics many processes can be reversed. For example, the reverse of addition is
subtraction, the reverse process of multiplication is division, etc. These are not the only
mathematical processes that can be reversed. In the previous chapter, you learned the process
of differentiation. Like addition, multiplication, division, etc. the process of differentiation can
be reversed. The reverse process of differentiation is called integration. In this chapter we will
provide some integration rules to help you to find anti-derivative.

The derivative of f (x)=x*is f'(x)=2x. How do we reverse f'(x) =2x to get f (x)?

We are going to use the mathematical process called integration.

4.1 The Indefinite integrals

Suppose we differentiate the function f (x)=x>. We get f'(x)=2x*"=2x.

Integration reverses this process and using mathematical language we say that the integral of
2X is X°.

We can represent the relationship between integration and differentiation as follows:

Differentiate

N

NG 2X

D

Integrate
If we differentiate the following functions:
f (x)=x*+100 f(x)=x*-7 f(x)=x*+0,75
we get 2x.
Therefore, we notice that the above functions give 2x when differentiated.

As you can see the above functions have a constant term which becomes zero when we
differentiate the function. When we integrate a function we have no way of telling what the
original constant term might have been. All we can do is to acknowledge the existence of such
a constant term by including in our answer an unknown constant, C, called the constant of

integration. We now say that the integral of 2x is X’ +C .

We write the statement “the integral of 2X is X°+C” mathematically as follows:
j2x dx=x*+C

We use the symbol j to show that we are integrating, dx tells us that the function we are

integrating is written in terms of x. The function being integrated (2x) is called the integrand.
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x> +C is called the indefinite integral of 2x with respect to x. The indefinite integral
represents many possible anti-derivatives.

To integrate a power of x increase the power by land divide the answer you get by the new
power. Mathematically we write this statement as follows:

n+1

+C,n=-1

X
IX dX_n+1

Going back to our example we have:

1+1

+C

IZX dx = 2x
1+1

=x*+C
The integral of kx",n=-1
A constant factor in an integral can be moved outside the integral sign
[l dx =k [ x" dx
Worked Example
(a) j 3 dx
[3 dx=[3x° dx

= 3_[ x° dx

0+1
-3 X |ic
0+1

A2

=3x+C
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Worked Example

Find the following integrals:

(b) j 3x3dx

J.3x3dx = 3_[ x3dx

X3+1
3jx3dt -3 +C
3+1

Exercise 1

Find the following indefinite integrals

1.1 j 5 dx 1.2 j (=3)dx 1.3 j x%dx
1.4 J6x5 dx 1.5 J'8x7 dx 1.6 J.—x dx
17 [x* dx 18 —jsxdx 1.9 j%x dx

The integral of f (x)+g(x) orof f(x)—g(x)

We can integrate the sum or difference of two or more functions by integrating each term
separately.
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Worked example

(b) j(4x3 —2x° +x—2)dx
J'(4x3—2x2+x—2)dx=.|'4x3 dx—J.sz dx+_|'x dx—_[2 dx

:4.[x3 dx—2.|'x2 dx+Jx dx—2jx0 dx
3+1 2+1 1+1 0+1

4l X X X o X e
3+1 2+1) 1+1 0+1
4 3 2

4| X2 2|+ 222 5j+c
4 3 2 1

:x4—2?)(3+x—2—2x+c
Exercise 2
Find each integral.
2.1 [(x+1)dx 22 [(-x+1)dx
23 [(3x+2)dx 24 [(1-x*)dx
25 [(1-x*)dx 26 [(x*—2x+1)dx
27 [(x*-2x"+x-5)dx 28  [(3x* —x%)dx
29 [(5+3x+x")dx 2.10 I(—3x2+%x+1jdx

The integral of the form Jédx, X#0

. 1 :
To calculate integrals of the form I—dx we use the general logarithm
X

Jédx:ln|x|+c,x¢0.

Worked Example
Find the following integrals

Jédx
5 1
I; dx:S'[; dx

=5In|x|+C
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Worked Example

6
J’a dx

6 6(1
[2 o jg@ dx
61
=55 o
=§In|x|+C
5

Exercise 3

Find the following integrals

I;dx 3.2 jloo dx 3.3 jgd
3.4 j @ dx 3.5 j % dx 3.6 j JX_ dx
3.7 j% dx 3.8 j% dx 3.9 j;—i dx

4.2 Definite integrals

The quantity J'b f (x)dx is called the definite integral of f (x) from atob. The numbers

aand b are called the limits of integration. They tell us the interval we are working in. The
number a is called the lower limit and b is called the upper limit.

If f(x) istheintegral of f (x),then I: f (x)dx = f (b) - f (a) . To evaluate the definite integral
we:

e integrate the given function but we do not include the constant of integration

o then substitute the value of the upper limit into the integral f (b)

e substitute the value of the lower limit into the integral f (a)

e subtract the value of the lower from that of the upper limit.
i.e we calculate f(b)— f(a)

e The answer is a number
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Worked Examples

Evaluate the following:

€)) jlz 2x dx

(b) f(sx— x*) dx
Solutions

@) fzx dx

2 2
j 2x dx = ZJ X dx

1 1
_ZXMT
_1+1 X
% T
2 1

1]

(b) f(Sx - x3)dx
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f (x):.[(Bx—X“")dx

:J'3x dx—.[x3dx

3X1+l X3+l
:Lu}[su}

3¢
2

X4
+_
4

[(3x—x*)dx = (3)- £ (1)

=32

The constant C is omitted when using the integration formulas to find a definite integral.

Exercise 4

Calculate:
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41 [7(x® +x)dx

42 [ (3u®-1)du

43 [ (x*-2x)dx

44 [ (6x*~5x+2)dx

45 ['Jr(t+2)dt
1 2
4.6 L[4x—6x3]dx
4.7 Io (1 x? —2jdx
-2\ 3
48 j:’(

Using integration to find the area included by a curve and the x-axis or by a curve the
x-axis and the ordinates x —a and x — b, where a, b € Z.

Calculating the shaded area below the curve as shown in the picture below can be very
difficult. The shaded shape is not a polygon. The upper part is a curve not a straight line. We
can try and divide the shaded area into rectangles and find the sum of the areas of the
rectangles. The trick is to make the rectangles as thin as possible and to use as many
rectangles as possible. This is a tedious exercise.

Thanks to the mathematicians who proved that these areas can be found by the reverse
process of differentiating which is integration. We do not have to calculate thousands of
rectangle areas in order to find the area of shapes like the one below.

We use the definite integral to find the area between the curve and the x-axis on the given
interval. The definite integral ff f (xx)dx will give us the area under the curve of f between a

and b. The area of the shaded region below is defined by f23(x2)dx.

Worked examples

Calculate the shaded area using integration.

a)
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The shaded area = f; (x?)dx

3T 43 o3
_| X1 23 2 _19 square units.
3,73 3 3

The definite integral will produce a positive value if f(x) > 0 in the same interval.

b)
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2¢ LT 207 Lo [22° L L
[?+2x L_{ 3 +2(0)} { 3 +2( 2)}

=O—[_—16+8}
3
:|:§_8:|

3

16-24 -8| 8 .
= =| — | == square units
SR

The definite integral produce a negative value if f(x) < 0 in the interval x = =2 to x = 0.
Since we are calculating the area, and the area is always a positive number, the absolute value
is used. The absolute value of a number is always positive.

Find the total area between f(x) = x3 — x and the x-axis from x = -1 to x = 1.

Ty
2T f(x)=x>-x
1__
X
) ) ) 4
3 2 1 2
0 1
1= 3 d AZ = 3 — d
A J_l(x x)dx JO (x® —x)dx
=2 (0'-200 (-)'-2¢-1> [x'-2¢T ©'-2)° (0)"-2(0)
4 L 4 4 4 . 4 4
0 {4
|4 | 4
A=A + A4,
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The total area is % square unit.

NOTE

When a function f(x) is both positive and negative in the given interval like the example above,
and the area is to be found, the limits of integration must be split at the zeros of the function.
Areas Arand Az were calculated separately. The total area is the sum of two areas.

Exercise 5
Use integration to find the shaded areas of the following.

5.1

w X

5.2

w X
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5.3

5.4

f(x)=x*-6x+5

‘VX

w4

5.5
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=x*-6x*+11x—-6

/

-~

5.6

XLV
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Chapter Summary

Notation

e The symbol for the integral is _|'

e After the symbol for the integral we write the function we want to find the integral of,
called the integrand

e Finally we write dx
5x dx

[ ]
Intaé‘l sym Function to be integra with respect to X

The Indefinite Integral

e The indefinite integral is the expression If (x) dx read as: the indefinite integral of
f (x) with respect to x.
Power Rule for the Indefinite Integral

Xn+1 X7+1

_[x“ dx = +C,n=-1 .|.x7 dx = +C
n+1 7+1
8

-Xc
8

dx dx

Tax=[Z - njx|+C X _In|x+C
J.x X Ix n|x|+ -[x n|x+

The Sum and Difference Rules

_[[f (x)£g(x)] dx=j f(x) dxi.[g(x) dx _[[3x+5] dx=j3x dx+j5 dx
1+1 0+1
:3x +5x ‘C
1+1 0+1
3y isxac
2
Constant Multiple Rule
[k (%) dx=k] (x) dx [5x dx =5 x dx
X1+l
=5 +C
1+1
_2y4C
2

Rule Involving Functions in Exponential Form
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X X

Iax dx = a +C,a>0anda=1 IBX dx = 3
Ina In3

+C

The Definite Integral

e A definite integral has a start and an end value.
b

. jf(x) dx reads: the integral of f (x) from atob.

a

e The numbers a and b are called the limits of integration, where a <b.

[1(x) dx=F(b)-F (a), a<b jn

The indefinite integral is

X2
7Ix dx:Y[—J+C
2
S
2

+C

2
at x=1: @ +C:Z+C
2 2

2
x:2:ﬂ+C:M+C

2 2
=14+C

Jz.7x=(14+C)—(%+C]

1
_14+c-L_cC
2

_1a-t

Definite Integral Rules

kf (x)dx = kj f(x)dx, keR

®
o ®—

o [[T(0xg(x)] dx:j‘ f (x)de_r.b[g(x) dx

a

Area under a curve — region bounded by the given function, vertical lines and the x-axis
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b
Area:j f (x) dx

When calculating area under a curve f (x) do the following:

e Sketch the area
e Determine the boundaries/limits a and b
e Set up the definite integral
e Integrate
Example

Find the area bounded by f (x)=-x*+9 and the x-axis.

—x*+9=0

x*-9=0

(x=3)(x+3)=0
Xx—-3=00rx+3=0

S x=30r -3

The boundaries are a=-3and b=3

2+1

I X 9x% )’
_J;(—x +9) dx={—2+1+ 0+1j3
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- 3_;+9(3)}£(_§) +9(3)J

(- Hvar)-(- -z
3 3

(-9+27)—(9-27)
=18—(-18)
=18+18

= 36 square units

Revision Exercise

Find each integral.
1 [Gx)dx
2. J(—2x+3) dx

3. [(4x?+3x—1)dx
4.  [(8x7 + 3x)dx

5. Evaluate each definite integral.
5.1 f01(3x2 + 7x + 1)dx

52 [°.(1-x%)dx

5.3 f45(—7 + 6x + x%)dx

54 [0 (x+2)(x - 3)dx
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6. Use integration to find the area of the shaded region.

6.1
L L i L L )(L
-4 3 0 3 a7
6.2
5H y
2__
1__
X
55 4 5 % 55 4 & ¢
y =-3x" - 2x
7. Graph each of the following functions. Then, find the area between the function and

the x-axis for the given interval using integration.
71 f(x)=-2x+3forx=1tox =4
72 f(x)=—x?forx=0tox=5
73 f(x)=9-—3x%forx=0tox=3
74 f(x)=x3—4xforx=-2tox=2
75 f(x)=—x3 forx=-4t0x=0
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